NESTING MAPS OF GRASSMANNIANS 



C. DE CONCINI AND Z. REICHSTEIN 

Abstract. Let F be a field and Gr(i,F") be the Grassmannian of i- 
dimensional linear subspaces of F". A map / : Gr(i, F n ) — > Gr(j, F n ) 
is called nesting if I C f(l) for every I £ Gr(i,F n ). Glover, Homer and 
Stong showed that there are no continuous nesting maps Gr(i,C n ) — > 
Gr(j, C n ) except for a few obvious ones. We prove a similar result for 
algebraic nesting maps Gr(i,_F n ) — > Gr(j,F n ), where F is an alge- 
braically closed field of arbitrary characteristic. For i = 1 this yields 
a description of the algebraic subbundles of the tangent bundle to the 
projective space . 



1. Introduction 

Let F be a field. We shall denote the Grassmannian of z-dimensional linear 
subspaces of F n by Gr(i,F n ). Suppose i, j and n are integers satisfying 
l<i<j<n — 1. We shall say that a map of Grassmannians 

(1.1) /: Gr(i,F n )^Gr(j,F n ) 

is nesting, if I C /(/) for every I 6 Gr(i,F n ). The starting point for this 
note is the following combinatorial result communicated to us by J. Buhler. 

Theorem 1.1. Let F be a finite field and i < j be positive integers such that 
n = i+j. Then there exists a bijective nesting map (of sets) f: Gr(i,F n ) — > 
Gr(j, F n ). 

Theorem 11.11 can be deduced from a theorem of P. Hall about systems of 
distinct representatives; for details see Section H3 

It is natural to ask for what n, i and j there exist algebraic (and for 
F = R, F = C, continuous) nesting maps /: Gr(i,F n ) — * Gr(j,F n ). 

Example 1.2. Let n be an even integer and u be an alternating bilinear 
form on F n , i.e., a non-degenerate bilinear form uj(v, w) such that u>(v, v) = 
for every v G F n . (If char (F) ^ 2, then the last condition is equivalent to 
uj(v,w) = —lo(w,v) for every v,w 6 F n , so "alternating" is the same as 
"symplectic".) Then /: Gr(l,F n ) — ► Gr(n - l,F n ), given by f(l) = l^ , 
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is an algebraic nesting isomorphism. Here I w is the orthogonal complement 
with respect to uj. □ 

Example 1.3. Suppose n > 2 is even, co is an alternating form and H is 
a positive-definite Hermitian form on C n . Then we can define a continuous 
nesting map g: Gr(l,C n ) = P™" 1 — ► Gr(2,C n ) by I h-» Z (/- L -) ± «. 

Note that if n is odd then there is no continuous map g: P^ 1 — ► 
Gr(2, C n ). This is a special case of Theorem EH a ) below, but it can also be 
seen directly as follows. Suppose g exists. Then a: 1 1— > l^~ H r\g(l) is a contin- 
uous fixed point free map P^ _1 — ► ^c _1 ' contradicting the Lefschetz fixed 
point theorem; see, e.g., [SJ 30.13]. (Note that a is, indeed, well-defined, 
because I C p(Z) implies g(l) <£_ l ±H .) □ 

The following results assert that, over an algebraically closed field F, these 
are essentially the only examples. First consider the case where i > 2. 

Theorem 1.4. Suppose 2<i<j<n — 1. Then 

(a) there does not exist a continuous nesting map Gr(i, C n ) — ► Gr(j, C n ), 
f6j i/iere does not exist an algebraic nesting map Gi(i,F n ) — ► Gr(j, F n ) 

for any algebraically closed field F. 

For i = 1 the continuous and the algebraic cases diverge. We shall write 
P™ -1 in place of Gr(l,F n ). 

Theorem 1.5. Suppose 2 < j < n — 1. T/ien 

f'aj a continuous nesting map P^ _1 — > Gr(j, C n ) exists if and only if n 
is even and j = 2 or j = n — 1 . 

(b) Let F be an algebraically closed field and f : P^T 1 — > Gr(j,F n ) be an 
algebraic nesting map. Then n is even, j = n — 1, and f is as in Example \1.2L 

Nesting maps P^T 1 — > Gi(j,F n ) are easily seen to be in a natural 1- 
1-correspondence with rank j — 1 subbundles of T(P^ _1 ); cf. Lemma 15.11 
Using this correspondence, we can rephrase Theorem 11.51 as follows: 

Corollary 1.6. Let F be an algebraically closed field and T(¥ 7 ^T 1 ) be the 
tangent bundle to the projective space P^, -1 . 

(a) T(P^ _1 ) has a topological (complex) subbundle of rank 1 < r < n — 2 
if and only if n is even and r = 1 or n — 2. 

(b) If n is odd then T(P^~ 1 ) has no nontrivial algebraic subbundles. If n 
is even then the only non-trivial algebraic subbundle o/T(P^, _1 ) (up to an 
automorphism o/P^ _1 j is the null correlation bundle of rank n — 2. 

Here the null-correlation bundle on P^T 1 (defined, e.g., in |10[ Section 
4.2] or 2, p. 128]) is the rank n — 2 bundle associated to the nesting map 
of Example 11.21 (Note that different choices of the alternating form in 
Example 11.21 give rise to bundles that differ by an automorphism of P^T 1 .) 

Theorem ll.4f a) is due to Stong |13[ Theorem 2] . For a field F of char- 
acteristic zero, part (b) follows from part (a) by the Lefschetz priniciple. 
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Theorem ll.5f a) and Corollarv ll.fif a) are due to Glover, Homer and Stong 
Theorem 2(ii) and Theorem 1.1(h)]. (A special case of Corollary II .6f a) was 
considered earlier by Bott |2j Corollary 1.5].) For fields F of characteristic 
zero, part (b) can be deduced from these results and the work of Roan |11[ 
Main Theorem]. 

The purpose of this note is to give uniform characteristic-free proofs of 
Theorem II. 4| Theorem 11.51 and Corollary 11.61 We also include a proof of 
Theorem 11.11 in a short appendix. An application of Theorem 11.51 can be 
found in a recent paper of Bergman pQ. 
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2. Proof of Theorem 11.41 

We begin by recalling some well-known facts about the cohomology of the 
Grassmannian; for details we refer the reader to [1J Chapter 14] (see also [3] 
or 0). 

Let <7j be the ith elementary symmetric polynomial in the independent 
variables xi, . . . ,x n . The cohomology ring H*(Gr(i, F n ), Z) is isomorphic 
to the quotient of Z[a"i, . . . <Xj], by the ideal generated by the Schur functions 
S\, where A ranges over the partitions of n whose Young tableaux are not 
contained in a rectangle with i rows and n — i columns. Here, by convention, 
Gi is the Schur function for a column with % rows. 

Two remarks are now in order. First of all, the cohomology class corre- 
sponding to o"j lies in H 2l (Gi(i, F n ), Z); however, for notational convenience, 
we will continue to use the natural grading induced from Z[xi, . . . ,x n ], so 
that deg(crj) = i. Secondly, since Z[o"i, . . . Oi\ is generated over Z by the 
Schur functions S\, where A ranges over partitions with at most i rows, 
we identify H*{Gv{i ) F n ),'L) with Z[o"i, . . . where / is a homogeneous 

ideal generated by elements of degree > n — i. 

We will prove both parts of Theorem 11.41 by the same computation. (If 
char (F) > in part (b), we replace the cohomology ring H*(Gr(i, F n ), Z) 
by the Chow ring; our computation will remain valid there; cf. |3J Chapter 
14].) 

Let V be the trivial bundle of rank n on Gr(i,i ?n ) and let % be the 
tautological bundle of rank i. (The fiber of % over / G Gr(i,F n ) consists of 
the vectors in I.) Since / is a nesting map, 

% C f*(Tj) and /*(-?}) C V, 

where C means "subbundle of . In other words, 

(2.1) B = f*{Tj)/% is a subbundle of A = V/%, 

where rank(„4) = n — i and rank(S) = j — i. 



4 



C. DE CONCINI AND Z. REICHSTEIN 



Now recall that the rth Chern class of the tautological bundle is given by 
c r {%) = (—l) r a r (cf., e.g., fBJ p. Ill]), so that the total Chern class is 

Ctot(^) = (1 - o-i + a 2 + (-l)Vi) . 

Since A := V/%, we have 

(2.2) c tot (A)(l - ax + a 2 + (-l)Vi) = 1 , 

where c to t (.4) is the total Chern class of .A, and 1 represents the total Chern 
class of the trivial bundle V on Gr(i, F n ). 

Since A has a subbundle B or rank n — j, c to t(A) factors as a product of 
elements of degree n — j and j — % in H*(Gr(i, F n ), Z). We will show that 
this is impossible. Consider the degree-preserving homomorphism 

0: Z[xi, . . . ,Xi, . . . ,x n ] — > Z[xi, ... ,Xi] 

given by (j){x r ) = x r if 1 < r < i and <j>(x r ) = Oifi + l<r<ra. Under 
this homomorphism Z[o"i, . . . , 0"j] maps isomorphically to Z[<^>(o"i), . . . , (/>(o"j)], 
where </>(oy) is the rth elementary symmetric function in xi, . . . , X{. Thus it 
is enough to prove that (j>(ctot(A)) is irreducible in Z[0(o"i), . . . , </>(o"i)]. We 
will, in fact, prove that (ft(ctot(A)) is irreducible in Z[xi, . . . and even in 
C[a;i, . . . ,Xi\. Applying <f> to both sides of Q2.2JI . we see that 

1 = </»(c tot (A))(l - 0(<7l) + 0(CT 2 ) - • • • + (-l)V(^)) = 
= 0(c tot (A))(l - Xl)(l - X 2 ) ... (1 - Xi) . 

in Z[xi, . . . , Xi]/0(J). Since 0(ct o t(A)) has degree < n — i, and J (and thus 
(f)(1)) is generated by homogeneous elements of degree > n — i, 

(2.3) <P(c tot (A)) = ((1 - X!)- X (l - x 2 y l ... (1 - x,)" 1 ),^ = 

((1 + X X + X? + . . . )(1 + X 2 + X\ + . . .) . . . (1 + Xi + X? + . . . )) |n _. = 

1 + 6>i(xi, . . . ,Xj) + 6 2 (x 1 , ... ,Xi)-\ h O n -i{%l, ■ ■ ■ , 

where i n _j means that we cut the series at the terms of degree at most 
n — i and #d(xi, . . . ,Xj) denotes the sum of all monomials of degree d in 

xx, ■ ■ ■ , Xj. It remains to show that 1 + #i(xi, . . . ,Xj) H h #„_j(xi, . . . , Xj) 

is irreducible in C[xi, . . . , Xj]. Homogenizing this polynomial with respect to 
an additional variable xq, we obtain ^ n _j(xo, xi, . . . , Xj). Thus Theorem 11.41 
is a consequence of the following: 

Lemma 2.1. 6d{xo, xx, • • • , Xj) is irreducible in C[xq, . . . , Xj] /or any i > 2 
and d > 1. 

Proof. It suffices to consider the case i = 2. For notational convenience, we 
will write x,y and z for xo, xi and x 2 - In other words, we want to prove 
that the projective curve C P 2 given by 9d(x,y,z) = is irreducible. It 
suffices to show that Xd is non-singular. We proceed by induction on d. 

The base case, d = 1, is trivial, since 6x{x,y,z) = x + y + z cuts out a 
line in P 2 . The inductive step will rely on the formulas 

(2.4) 9 d (x, y, z) = x6 d -x(x, y, z) + 9 d (y, z) 
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and 

d d d 

(2 - 5) + dy + d~z )dd{x ' y ' Z) = {d + 2 ^ d -^ X > y ' Z ) • 

Suppose p = (xo : yo : Zq) is a singular point of X d . By (|2.5j) . 
(2.6) 6» d _!(p) = 0, i.e., peXj-i. 

We claim that xoyo^o 7^ 0. Indeed, assume the contrary, say, p = (0 : 1 : zq). 
Then formulas (|2.4|) . and ()2.6|) say that 0^(1, zo) = 0, i.e., zo ^ 1 is a (o?+l)th 
root of unity. On the other hand, by (|2.6j) . 

o = ^_ x (p) = ^_ 1 (o,i, 2o ) = 0d-i(Mo), 

so that zo 7^ 1 is a dth root of unity, a contradiction. This proves the claim. 
Differentiating (|2.4|) with respect to x, we obtain 

d d 
—9 d (x,y,z) = d -x{x,y,z) + x— d -x(x, y, z) , 

and similarly for y and z. Combining this with (|2.4|) and (|2.6|) . and keeping 
in mind that x^y^ZQ ^ 0, we obtain 

d -i(p) = ^-0 d -i( P ) = ^-9d-i(p) = %-Qd-i{p) = 0. 
ox ay oz 

Thus p is a singular point of X d —i, contradicting our induction assumption. 
This completes the proof of Lemma 12.11 and of Theorem 11.41 □ 

3. The Schwarzenberger conditions 

Our proof of Theorem 11.51 in the next section will rely on the following 
result about vector bundles on projective spaces. 

Proposition 3.1. Suppose E is a continuous vector bundle of rank 1 < r < 
m — 2 on or an algebraic vector bundle on P™ ; where F is an algebraically 
closed field. Let pit) = 1 + c\t + • • • + c r t r be the Chern polynomial of E. 

Suppose the (complex) roots w\ , . . . , w r of p(t) are distinct and lie on the 
unit circle. Then either r = 1 and p(t) = 1 ± t or r = 2 and pit) = 1 — t 2 . 

Note that by a theorem of Kronecker, w\ , . . . , w r are necessarily roots of 
unity; however, we shall not use this in the proof. 

Proof. Since wi, . . . ,w r lie on the unit circle each w^ 1 = wl is also a root of 
p(t), so that 

p(t) = (1 - wit) ... (1 - w r t) . 

Let = Y^h=i y i Wl ^j • Our argument is based on the Schwarzen- 
berger conditions, which require that B SyTn should be an integer for every 
sGZ; see Theorem 22.4.1]. 

Lemma 3.2. (a) B SjTn = for every s = 1, . . . ,m — 2. 
(b) B lik = for k = 3, . . . , to. 
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Proof, (a) Since B SjTn is an integer, it is enough to show that |-B S)7n | < 1. 
Indeed, for each i = 1, . . . , r, 



S - Wi 

rn 



< 



1 



Wi 



ml 



12-^D-dl-m 
— 2 — wA . . . Is — 



^r(( s + 1 )- s 



in! 



(s + l)!(m 
2m! 



|1 — w 
(m + 1 



- ■ | - 1 - 

. |s — m + 1 — Wi\) < 
3 • 4 ■ . . . • (m - s)) < 



m + 1 
s + 1 



< 



(m + 1) 
m + 1 
2 



1 

m 



Note that we have used the inequality 
for any s = 1, . . . , m — 2. Now 



m + 1 
s + 1 



> 



m + 1 
2 



, which is valid 



r 

i=l 



m 



< r— < 1 



and part (a) follows. 

(b) Combining part (a) with the identity B SjTn — S s _i jm = B s _x, m -i, we 
conclude that Bi^-x = for i = 1, . . . , m — 3. Repeating this argument, we 
see that for every j = 0, . . . , m — 3, and every i = 1, . . . , m — 2 — j, we have 

1 and k = m — j , and part (b) follows. □ 



Bi,m-j = 0. Now set i 



We now return to the proof of Proposition 13.11 By the Chinese Remain- 
der theorem, the semisimple Q-algebra F = Q[x]/(p(x)) is isomorphic to 
Q(u>i)©- • •®Q(wd) viap(x) h- > (p(wi), . . . ,p(wd))- Thus for every f(x) £ F, 



i=l 



In particular, setting a = —(1 — x)x(— 1 — x) S -F, and 6o = 1, ^i = — 2 — x, 
6 2 = (-2 - s)(-3 -x), 6 m _ 3 = (-2 - x)(-3 - x) . . . (2 - m - x) in F, 
and applying Lemma l3,2tb ). we see that 



(3.1) tT F /Q(abi) = (i + 3)!Bi ji+3 = for every i = 0, 1, 



, m 



Note since 1 Q-linearly independent in F, so are bo, ... , b r -\. 

Since we are assuming r < m — 2, this implies that &o> &i> • • • > span F. 
But the trace form <x, y> = ti F /Q(xy) is non-singular on F (viewed as 
an r-dimensional Q- vector space); thus (|3.1|l is only possible if a = in 
F. In other words, a(wi) = (1 — Wi)(—Wi)(—1 — w.{) = or, equivalently, 
Wi = ±1 for every i = 1, . . . ,r. Since w\, . . . , w r are assumed to be distinct, 
we conclude that either r = 1 and w\ = ±1 or r = 2 and {wi, w-z} = {—1, 1}- 
This completes the proof of Proposition 13.11 □ 
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4. Proof of Theorem 11.51 

From now on we will assume that i = 1. That is, we will be interested in 
nesting maps P^T 1 — > Gr(j, F n ), where 2 < j < n — 1. 

Lemma 4.1. Suppose there exists a continuous nesting map f : P^" 1 — > 
Gr(j, C n ) (respectively, an algebraic nesting map f: PjT 1 — > Gr(j, F n )), 
where 2 < j < n — 1 and F is an algebraically closed field. 

(a) There exists topological (respectively, algebraic) vector bundles B andC 
on P^. -1 (respectively, P^ _1 j of ranks n — j andj — 1 with Chern polynomials 
p{t) and q(t) £ Z,[t] such that p(t)q(t) = 1 + £ + ••• + i n . In /aci, u>e can 
ia&e C = A/B, where A and B are defined in (|2.1I) . 

(7>J n is even and either j = n — 1 an<i = t + 1 or j = 2 and 
g(*) = t+l. □ 

Proof, (a) We specialize the argument of Section |^1 to the case where i = 1. 
In this case the cohomology ring i?*(P™~ 1 , F n ) = H*(Gi(i, F n ), Z) reduces 
to Z[/i]/(/i n = 0), where /i is the class of a hyperplane section in P n . (In 
Section|51we denoted h by (j){ai).) Defining A and B as in (|2.1|) (with i = 1), 
setting C = A/B, and writing t for x±, we see that 

p(t)q(t) = <t>(ct ot (A)) = 1 + 9i(t) + ■ ■ ■ + 6 n -i(t) = 1 + t + ■ ■ ■ + t n ~ l ; 

cf. (213). 

(b) If n = 3, the polynomial 1 + i + t 2 is irreducible, contradicting part 
(a). Thus we may assume n > 4. In this case, 1 < n — j < n — 3 or 
1 < j — 1 < n — 3, and thus Proposition 13.11 (with m = n — 1) applies to 
the bundle ,8 and to the bundle C of part (a). Since p(t) and q(t) have no 
multiple factors, their roots are nth roots of unity, and p(l),g(l) ^ 0, we 
see that the only possibilities for the Chern polynomials are the ones listed 
in part (b). □ 

We now turn to the proof of Theorem 11.51 Part (a) is an immediate 
consequence of the above lemma. To prove part (b) of Theorem ll.5l assume 
that there exists an algebraic nesting map 

/ : P^ _1 — > Gr(j, F n ) . 

By Lemma l4.lT b). n is even and j = 2 or n — 1. Our goal is to show that 
(i) j = 2 is impossible, and (ii) if j = n — 1 then f(l) = for some 
alternating form u on F n , as in Example 11.21 (For F = C, (ii) was proved 
in by Roan we will give a short characteristic- free proof below.) 

Proof of (i): Suppose j = 2. Consider the exact sequences 

(V-i(-l) — ► 0^ n -i — > A —> 
— >B — >A — >C — >0 
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of algebraic vector bundles on Pp . From the first sequence, we see that 
H°{V n F - l ,A) = F n . By Lemma Q», B is a line bundle with Chern poly- 
nomial f + t, i.e., B = Oil) on PJT 1 . Thus fl^QPjT^B) = F n , and the 
second sequence yields 

(0) — » F n — ► F n — » ^(PJT^C) — » (0) , 

which means that C has no global sections. On the other hand, C, being 
a quotient of A, is generated by global sections. This contradiction shows 
that / cannot exist for j = 2. 

Proof of (ii): Assume j = n — 1. Consider the exact sequence 
— T n _x — > O®^ — £ — o, 

where 7^_i is the tautological bundle on Gr(n — l,F n ) = ¥ n ~ . Pulling 
back this sequence to P n_1 via /, we obtain an exact sequence 

— > /* (T n _i) — > — — > 

of vector bundles on P n_1 . Since L is a line bundle generated by global 
sections, L = Op n -i (d) for some d > 0. Since / is nesting, T\ = 0$m-i (—1) C 
f*(T n —i). Recall that the bundles B and C in the statement of Lemma 14.11 
are defined by B = /*(T n _i)/Ti and C = A/B, where A = 0^_JT x - 
cf. (|2~T|) . Thus the line bundle C is isomorphic to 0p»-i//*(7^_i) = /*(L). 
By Lemma I4.1f b). the Chern polynomial of C is 1 + i; in other words, 
C = O pii -i(l). On the other hand, C = f*(L) = f*(Op n ^(d)). This is only 
possible if d = 1 and / is induced by a non-singular linear map 

r^^.iV-iW) — ►ir o (P n -\0p»-i(i)) 

In other words, / is induced by a non-singular linear map /* : F n — ► (F n )*, 
where (F n )* is the dual vector space to F n , P™" 1 = ¥(F n ) and P™" 1 = 
F((F n )*). Now uj(x,y) = f*(x)(y) is a non-singular bilinear form on F n . 
Since / is nesting, u>(x,x) = for every x E i 7 ™, i.e., to is alternating. This 
shows that / is obtained by the construction in Example 11.21 as claimed. 
The proof of Theorem 11.51 is now complete. □ 

5. Proof of Corollary II .61 

Corollary is an immediate consequence of Theorem ll.5l and the lemma 
below. 

Lemma 5.1. The following are in natural (i.e., PGL n -equivariant) corre- 
spondence: 

(a) algebraic nesting maps f: P^T 1 — ► Gr(j, F n ), 

(b) algebraic subbundles of rank j — 1 of the bundle A = O n+l /0{— 1) on 

pn-l 
r F ' 

(c) algebraic subbundles of rank j — 1 of the tangent bundle T{¥ ,r ^T l ), 
For F = R or C the lemma remains true if "algebraic" is replaced by "con- 
tinuous". 
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Proof. Let Tj be the tautological bundle on Gr(j, F n ) (as in Section |2J; 
in particular, T\ = 0(— 1) is the tautological line bundle on P^T 1 . Given 
a nesting map /: P^T 1 — > Gi(j,F n ), we associate to it the subbundle 
B = f*(Tj)/0(-l) of A of rank j - 1; cf. CT . 

Conversely, a subbundle B of *4 of rank jf — 1 lifts to a subbundle B' of 
O n of rank j containing 0{— 1), and we can define a nesting map 

/:P»-i_Gr(*,i^) 

by p i— > S'(p). This establishes a natural bijective correspondence between 
(a) and (b). 

To show that (b) and (c) are in a natural bijective correspondence, note 
that A = T(P™~ 1 )(-1); see, e.g., [El p. 6] or 7, p. 409]. The same 
argument works in the continuous case. □ 

6. Appendix: Proof of Theorem 11.11 

For every I E Gi(i,F n ), let 

X l = {LeGr(j,F n ) \ ICL}. 

Since the sets Gr(i,F n ) and Gr(j,F n ) have the same cardinality, a bijective 
nesting map /: Gr(i,F n ) — > Gv(j,F n ) may be viewed as a system of 
distinct representatives for the collection of subsets {Xi \ l 6 Gr(i,F n )} of 
Gr(j, F n ). Indeed, given a system of distinct representatives {x;}, with 
x; S X;, the map defined by /(Z) = is nesting and bijective. Conversely, 
given /, as in Theorem ll.il the elements X[ = /(/) form a system of distinct 
representatives for {Xi}. 

Thus, by a theorem of P. Hall (see, e.g., |12| Theorem 5.1.1]), we only 
need to check that 

(6.1) \X h U-UI,J > k 

for every choice of distinct elements l\, . . . , Ik € Gr(i, F n ). 

Let iV be the number of j-planes in F n containing a given i-plane. Since 

i + j = n, 

N = \ Gv(j -i,^)) = IGrCn-j.F" - *)! = \ Gv(i,F j )\ 

is also the number of i-planes in F n contained in a given j-plane. To 
prove (|6,1|) . we will count the number of elements in the set 

W = {(/, L) | where / C L and I = l\, . . . , Ik } 

in two ways. On the one hand, projecting to the first component, we see 
that \W\ = kN. On the other hand, projecting to the second component, 
we obtain \W\ < \X h U ■ • • U X h \N . Thus 

\W\ = kN < \X h U ••• UXijN 

and (HH follows. □ 
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